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BASE-POINT-FREE PENCILS ON TRIPLE COVERS OF
SMOOTH CURVES
DONGSOO SHIN
Abstract. Let X be a smooth algebraic curve. Suppose that there exists a
triple covering f : X → Y where Y is a smooth algebraic curve. In this paper,
we investigate the existence of morphisms from X to the projective line P1
which do not factor through the covering f . For this purpose, we generalize
the classical results of Maroni concerning base-point-free pencils on trigonal
curves to the case of triple covers of arbitrary smooth irrational curves.
1. Introduction
Let X be a smooth algebraic curve of genus gx. Suppose that there exists a
covering f : X → Y of degree k where Y is a smooth algebraic curve of genus
gy. What kind of morphisms from the cover X to the projective line P
1 exist?
Clearly, there are morphisms X → P1 induced from the base curve Y , that is,
morphisms of the form h′ ◦ f : X → P1 for some h′ : Y → P1. Furthermore,
by the following application of the Castelnuovo-Severi inequality, every morphism
h : X → P1 whose degree is small enough compared with the genus of X is induced
from the base curve Y if deg f is a prime number.
Castelnuovo-Severi inequality (cf. [1, p. 366]). Suppose that k is a prime num-
ber. Let h : X → P1 be a morphism of degree d. If
d <
gx − kgy + k − 1
k − 1
,
then h factors through the covering f .
In view of the Castelnuovo-Severi inequality, it is natural to raise the following
question.
Definition. A morphism h : X → P1 is said to be nontrivial if there is no mor-
phism h′ : Y → P1 such that h = h′ ◦ f .
Question A. Suppose that k is a prime number. For every integer d with
d ≥
gx − kgy + k − 1
k − 1
,
does there exist a nontrivial morphism h : X → P1 of degree d?
For double covering case (k = 2), Question A has been answered affirmatively
in [8]. For trigonal curve case (k = 3, gy = 0), Question A has been completely
answered by the classical results of Maroni; cf. [10]. However, if k ≥ 3 and gy > 0,
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then one cannot expect an affirmative answer for all that d’s: In the case of an
affirmative answer we at least must have
gx − kgy + k − 1
k − 1
> gonX − 1, (1.1)
where gonX is the gonality of X , and the bound (1.1) is a restriction on (the
gonality of) X unless k = 2 or (k, gy) = (3, 0).
On the other hand, if
gx−kgy+k−1
k−1 > k ·
gy+3
2 − 1, then the inequality (1.1) is no
longer obstructional since gonX ≤ k gonY ≤ k ·
gy+3
2 . Thus it seems senseful to
ask Question A, with k ≥ 3, only for gx which is sufficiently large compared with
gy. For instance, it has been known that, if X is a triple cover of an irrational curve
Y (k = 3, gy > 0) and gx ≥ (2[(3gy + 1)/2] + 1)([(3gy + 1)/2] + 1), then there exist
nontrivial morphisms of degree d for all integers d with d ≥ gx − [(3gy + 1)/2]; [7,
Theorem A]. However the degree bound d ≥ gx − [(3gy + 1)/2] is rather far from
the plausible bound d ≥ (gx − 3gy + 2)/2 given in Question A and it is assumed
in [7, Theorem A] that the base curve Y is general in the sense of Brill-Noether
theorem.
In this paper, we investigate Question A for triple covers of arbitrary (not nec-
essarily general) irrational smooth curves with a mild condition on the genera of
the curves to be sure that the bound (1.1) is no longer obstructional. The following
Main Theorem A and B give a partial answer to Question A in case of triple covers,
which may be considered as generalizations of the results of Maroni to the case of
triple covers of irrational smooth curves; see Remark 2.13. Recall that a certain
rank two vector bundle, so-called Tschirnhausen module, can be associated to every
triple covering; cf. §1.1.
Main Theorem A (Theorem 2.6). Let X be a smooth irreducible curve of genus
gx. Suppose that there exists a triple covering f : X → Y where Y is a smooth
irreducible curve of genus gy and suppose that gx ≥ 9gy+4. Let E
∨
be the Tschirn-
hausen module for the triple covering f and e the e-invariant of the ruled surface
P(E). For every integer d with
d ≥
gx − 3gy + 2
2
+
|e|
2
+ 4gy,
there exists a nontrivial morphism h : X → P1 of degree d.
Main Theorem B (Theorem 2.12). Let X be a smooth irreducible curve of genus
gx. Suppose that there exists a triple covering f : X → Y where Y is a smooth
irreducible curve of genus gy. Let E
∨
be the Tschirnhausen module for the triple
covering f and e the e-invariant of the ruled surface P(E). If there exists a non-
trivial morphism h : X → P1 of degree d, then
d ≥
gx − 3gy + 2
2
+
|e|
2
.
Note that Question A cannot be answered affirmatively for triple coverings with
e 6= 0 by Main Theorem B; hence we raise a weaker question as follows.
Question B. Let Y be an irreducible smooth curve of genus gy. Let k ≥ 2 be a
prime number and gx an integer with gx−kgy+k−1 > 0. For every integer d with
d ≥
gx − kgy + k − 1
k − 1
,
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does there exist an irreducible smooth curve X of genus gx together with a degree
k covering f : X → Y such that X admits a nontrivial morphism h : X → P1 of
degree d?
It is clear that we must have further conditions on gx provided that Question
B has an affirmative answer: Since d ≥ gon(X) ≥ gon(Y ), we have
gx−kgy+k−1
k−1 >
gon(Y ) − 1, and since gon(Y ) ≥
gy+2
2 is possible, one obtains, for an affirmative
answer for any Y , a bound on gx which is worse than that given by the condition
gx − kgy + k − 1 > 0.
For double covering case (k = 2), [2] gives an affirmative answer to Question B
for all gx ≥ 4gy +5 and d ≥ gx− 2gy +1. For trigonal curve case (k, gy) = (3, 0), it
has been known that there exist trigonal curves together with nontrivial morphisms
to P1 of degree d for all integer d ≥ (gx + 2)/2 if gx ≥ 5; cf. [10]. In case of k = 3
and gy > 0, in [7, Example 3.3], the authors proved that, if gx ≥ 7gy − 4, then, for
every integer d with
gx − 3gy + 2
2
≤ d ≤ (gx − 3gy + 2) and d ≡ 2gx − 2 mod 3,
there exists an irreducible smooth curve X of genus gx and a cyclic triple covering
f : X → Y such that X admits a nontrivial morphism X → P1 of degree d;
however, the range of the degrees d is somewhat restricted.
The following theorem provides a partial answer to Question B for triple covers
of irrational smooth curves, which may be considered as a generalization of trigonal
curve case.
Main Theorem C (Theorem 4.3). Let Y be an irreducible smooth curve of genus
gy ≥ 1, and let gx be an integer with gx ≥ 37gy − 2. For every integer d with
d ≥
gx − 3gy + 2
2
+ gy,
there exists an irreducible smooth curve X of genus gx together with a triple covering
f : X → Y such that X admits a nontrivial morphism h : X → P1 of degree d. If
gy ≥ 5, we get sharper lower bound for d:
d ≥
gx − 3gy + 2
2
+
gy + 3
2
.
The paper is organized as follows. In Section 2, we will prove Main Theorem A
and Main Theorem B. In Section 3, we will investigate what conditions may be
imposed on the Tschirnhausen module for a triple cover f : X → Y if X admits a
nontrivial morphismX → P1 of minimal possible degree given by Main Theorem B:
If a triple cover X admits a nontrivial morphism X → P1 of minimal possible
degree, then its Tschirnhausen module must be decomposable; Proposition 3.2.
Finally, in Section 4, we will prove Main Theorem C.
1.0.1. Ideas of proofs. Let X and Y be irreducible smooth curves. Assume that
there exists a triple covering f : X → Y . Let E
∨
be the Tschirnhausen module for
the triple covering f . It has been known that there exists an embedding i : X →֒
P(E) of X into the ruled surface P(E); [3, Theorem 2.1].
For proving Main Theorem A, we first choose a linear series L on P(E) so that
L is very ample or separates points in the same fiber of the triple covering f . Then
L cuts out a base-point-free linear series on X that is not induced from the base
curve Y . The idea is based on the proof of [10, Lemma 1].
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The main tools for proving Main Theorem B are elementary transformations. It
has been known that the ruled surface P(E) (in fact, every ruled surface) can be
transformed to Y ×P1 by a finite sequence of elementary transformations; cf. [6, V,
Ex. 5.5]. Let elm : P(E) 99K Y ×P1 be a sequence of elementary transformations
that transforms P(E) to Y ×P1. Then it is clear that the morphism
h = p2 ◦ elm|X : X → P
1
is nontrivial, where p2 : Y ×P
1 → P1 is the second projection. The main ingredient
of the proof of Main Theorem B is Proposition 2.10: Every nontrivial morphism
h : X → P1 is, in fact, of the form p2 ◦ elm|X for some sequence of elementary
transformations elm : P(E) 99K Y ×P1 that transforms P(E) to Y ×P1. We prove
Main Theorem B by investigating behaviors of ruled surfaces and their e-invariants
under elementary transformations.
We prove Main Theorem C as follows. It has been known that every triple
covering f : X → Y of a given curve Y is determined by a rank two vector bundle
E on Y and a smooth zero locus X of a section in H0(P(E), π∗det E−1(3)), where
π : P(E) → Y is the projection; [3, Theorem 3.4]. We choose a rank two vector
bundle E on the base curve Y which is decomposable and we take some points
P1, . . . , Pe ∈ P(E) so that the elementary transformation elm with P1, . . . , Pe as
centers transform P(E) into Y ×P1. We then prove that there exists a irreducible
smooth zero locus X of a section in H0(P(E), π∗det E−1(3)) passing through the
given points P1, . . . , Pe and we compute the degree of the morphism h = p2◦elm|X :
X → P1 by investigating behaviors of trisections of ruled surfaces under elementary
transformations.
1.1. Preliminaries. We collect some results concerning triple coverings, especially
results related to Tschirnhausen modules; cf. [3] and [12] for detail. We briefly re-
view basics of sections, especially minimal degree sections, of ruled surfaces; cf. [11].
Finally, we recall the definition of elementary transformation; cf. [6, V,5.7.1] and
[11].
1.1.1. Triple coverings. Let X and Y be irreducible smooth curves of genus gx and
gy. Assume that there exists a triple covering f : X → Y . One can associate a
split exact sequence
0→ OY
f♯
−→ f∗OX → E
∨
→ 0,
where E
∨
is a locally free OY -sheaf of rank 2 called, according to R. Miranda [12],
the Tschirnhausen module for the triple covering f ; cf. [3], [12].
The branch locus of the triple covering f is a divisor whose associated line bundle
is (det E)⊗2; [12, Proposition 4.7]. Setting
OY (B) = det E , (1.2)
we have
b := degB = deg E = gx − 3gy + 2 (1.3)
by the Riemann-Hurwitz formula.
There exists an embedding i : X →֒ P(E) of X into the ruled surface P(E) such
that f = π ◦ i, where π : P(E)→ Y is the projection; cf. [3]. Furthermore, such an
embedding is unique.
Lemma 1.1 ([3, Theorem 2.1(i)]). If there is an embedding j : X →֒ P into another
ruled surface π′ : P→ Y such that f = π′ ◦ j, then P ∼= P(E).
BASE-POINT-FREE PENCILS ON TRIPLE COVERS 5
1.1.2. Sections of ruled surfaces. Let F be any rank two vector bundle on a curve Y
and let π : P(F)→ Y be the projection. Suppose F0 = F⊗OY (−N) is normalized.
A section S0 of P(F) is called a minimal degree section of P(F) if S0 is a section
whose self intersection number is minimum among all sections on P(F). Let e be
the e-invariant of P(E). Since detF0 = detF ⊗OY (−2N), we have
e = − degF0 = 2degN − degB = 2n− b = −S
2
0 . (1.4)
Giving a section of P(F) is equivalent to giving a subbundle of F ; cf. [11,
Lemma 1.14]. More precisely, if S is a section of P(F) and LS is the corresponding
subbundle, then we have an exact sequence
0→ LS → F → L → 0
for some subbundle L. The subbundle LS0 corresponding to the minimal degree sec-
tion S0 is a maximal degree subbundle of F , and vice versa; cf. [11, Theorem 1.16].
Especially, we have the following lemma.
Lemma ([11, Theorem 1.16]). Let S be a section of P(F) and LS the subbundle
of E associated to the section S. Then we have
π∗(S · S) = Divisor of (det E ⊗ L
−2
S ), (1.5)
where (S · S) denotes the intersection divisor on the smooth curve S.
If F is decomposable, then there exist two disjoint sections; cf. [6, V,Ex.2.2]. We
record this fact for the convenience of the reader.
Lemma 1.2. Let F = OY (B1)⊕OY (B2) be a decomposable rank two vector bundle
on a smooth curve Y with degB1 ≤ degB2. Let S0 be a minimal degree section
of P(F) and π : P(F) → Y the projection. Then there exists a section S ∈
|S0 + π
∗(B2 − B1)| such that S0 ∩ S = ∅. Conversely, if S is a section such that
S ∩ S0 = ∅, then S ∈ |S0 + π∗(B2 −B1)|.
Proof. Let S be a section corresponding to the subbundle OY (B1) of F . Consider
(S ·S0) as a divisor on the section S0. According to [11, Remark 1.19] and by (1.5),
we have
2π∗(S · S0) ∼ π∗(S · S) + π∗(S0 · S0) ∼ (B2 −B1) + (B1 −B2) ∼ 0;
hence S ∩ S0 = ∅. Conversely, suppose that S is a section such that S0 ∩ S = ∅.
Then π∗(S · S0) ∼ 0. By (1.5), we have
π∗(S0 · S0) = Divisor of (detF ⊗ L
−2
S ) ∼ B1 −B2.
Set S ∼ S0 + π
∗D for some divisor D on Y . Then we have
0 ∼ π∗(S · S0) ∼ π∗((S0 + π
∗D) · S0) ∼ (B1 −B2) +D;
therefore D ∼ B2 −B1; hence S ∈ |S0 + π
∗(B2 −B1)|. 
Return to the triple covering case. Suppose that
E0 = E ⊗ OY (−N) (1.6)
is normalized; cf. [6, V, 2.8]. For a canonical divisor KP(E) of P(E) and for the
triple cover X regarded as a divisor of P(E), we have
KP(E) ∼ −2S0 + π
∗(B − 2N +KY ) and X ∼ 3S0 + π
∗(3N −B), (1.7)
where KY is a canonical divisor of Y ; cf. [6, V, 2.10], [3, Theorem 2.1].
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1.1.3. Elementary transformations. Let W be a ruled surface with the projection
π : W → Y . Let P ∈ W and F = π−1(π(P )). Let ϕ : W˜ → W be the blowing
up of W at P . The strict transform F˜ of the fiber F by the blowing up ϕ on
W˜ is isomorphic to P1 and F˜ 2 = −1. Therefore we can blow down W˜ along
F˜ ; in other words, there is a morphism ψ : W˜ → W ′ to a surface W ′ which is
the blowing up of W ′ contracting F˜ to a point P ′. It is easy to prove that the
surface W ′ is again a ruled surface over Y . The new ruled surface W ′ is called
the elementary transformation of W with center P . We denote the birational map
ψ ◦ ϕ−1 by elmP and call it the elementary transform with center P . The surface
W ′ is denoted by elmP (W ) and, if no confusion is likely to occur, we denote the
projection elmP (W )→ Y by π again. Note that elmP ′ is the inverse of elmP .
Let P1, . . . , Pn be distinct points in W such that π(Pi) 6= π(Pj) for i 6= j. We
inductively define elmP1,...,Pn by
elmP1,...,Pn = elmPn ◦ elmP1,...,Pn−1 ,
where Pn is considered as the point elmP1,...,Pn−1(Pn) ∈ elmP1,...,Pn−1(W ). Note
that elmP,Q = elmQ,P if π(P ) 6= π(Q). Let S be a section of the ruled surface W .
Then the image elmP1,...,Pn(S) of S is a section of elmP1,...,Pn(W ). Suppose P ∈ S.
We define elmnP for n ∈ N by
elmnP = elmP1,P2,...,Pn ,
where P1 = P and Pm+1 (m = 1, . . . , n − 1) is the unique point in elmmP (S) ∩
π−1(π(P )). It is clear how to define elmD for an arbitrary effective divisor D on a
section S of W .
1.1.4. Notations and conventions. We adopt and use almost all the notations and
conventions in [1] and [6]. If no confusion is likely to occur, we denoteHi(C,OC(D))
by Hi(C,D) and dimHi(C,OC(D)) by h
i(C,D). For a linear series |D|, Bp(|D|)
denotes the set of all base points of |D|; possibly Bp(|D|) = ∅.
If we denote elmP = ψ◦ϕ
−1 for elmP , then the map ϕ : W˜ →W always denotes
the blowing up of W at P and the map ψ : W˜ → W ′ always denotes the blowing
down of W˜ along the strict transform F˜ under ϕ of the fiber F = π−1(P ). For a
curve C ⊂ W , the curve C˜ ⊂ W˜ denotes the strict transform of C by the blowing
up ϕ.
The integer rP is the multiplicity of C at P and the integer δP is the measure
of a curve singularity, that is, δP = length(O˜C,P /OC,P ), whereO˜C,P is the integral
closure of OC,P .
2. Base-point-free pencils on triple covers
Let X and Y be irreducible smooth curves of genus gx and gy and assume that
there exists a triple covering f : X → Y . Let E
∨
be the Tschirnhausen module for
the triple covering f , e the e-invariant of P(E), and π : P(E) → Y the projection.
Finally, let p1 : Y ×P
1 → Y and p2 : Y ×P
1 → P1 be the projections.
For convenience, we define the following invariant which will be used several
times; cf. Remark 2.13.
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Definition 2.1. The M-invariant m of the triple covering f is defined by the
number
m =
gx − 3gy + 2
2
−
|e|
2
− 2.
Remark 2.1.1. The number m is an integer since, by (1.3) and (1.4), we have
m = degN −
e+ |e|
2
− 2. (2.1)
2.1. Existence of nontrivial morphisms. We will prove the existence of non-
trivial morphisms, which give a partial answer to Question A; Theorem 2.6. We
need the following lemma.
Lemma 2.2. Let e be the e-invariant of P(E). Then
− gy ≤ e ≤ max
{
2gy − 2,
gx − 3gy + 2
3
}
. (2.2)
Proof. Suppose that the Tschirnhausen module E
∨
is indecomposable; then the e-
invariant e (in fact, any e-invariants of indecomposable ruled surfaces) satisfies the
inequalities
− gy ≤ e ≤ 2gy − 2 (2.3)
by Nagata’s Theorem; cf. [6, V, Ex.2.5]. Suppose that the Tschirnhausen module E
∨
is decomposable with E = L⊕M and degL ≤ degM. Since (det E)⊗2 = L2⊗M2,
it follows that
degL+ degM = gx − 3gy + 2
by (1.3). We also have 2 degL ≥ degM and 2 degM ≥ degL by [12, P.1145].
Therefore we have
gx − 3gy + 2
3
≤ degL ≤
gx − 3gy + 2
2
≤ degM≤
2(gx − 3gy + 2)
3
. (2.4)
Since e = degM− degL, it follows that
0 ≤ e ≤
gx − 3gy + 2
3
. (2.5)
Hence (2.2) follows from (2.3) and (2.5). 
To get base-point-free pencils on X , we first take certain linear series on P(E).
Lemma 2.3. Assume that gx ≥ 9gy + 4. Let A ∈ Div(Y ) be an effective divisor
with degA ≥ 2gy − 1 and let m be the M-invariant of the triple covering f . If
degA ≤ m, then the linear series |KX − f
∗A| on X is cut out by the linear series
|KP(E) +X − π
∗A| on P(E).
Remark 2.3.1. By (2.2), we have e ≤ (gx − 3gy + 2)/3; hence it follows by the
assumption gx ≥ 9gy+4 that m ≥ 2gy. Therefore there exists a divisor A ∈ Div(Y )
with 2gy − 1 ≤ degA ≤ m.
Proof of Lemma 2.3. Let S0 be a minimal degree section of P(E) and set a = degA.
To begin with, we count the dimension of |KP(E) +X − π
∗A|. By (1.7), we have
KP(E) +X − π
∗A ∼ S0 + π
∗(N +KY −A). (2.6)
By [6, V, 2.4] and [6, II, 7.11], we have
h0(P(E),OP(E)(S0)) = h
0(Y, π∗OP(E)(S0)) = h
0(Y, E0).
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It follows by the projection formula that
h0(P(E),KP(E) +X − π
∗A) = h0(Y, π∗(OP(E)(S0)⊗ π
∗OP(E)(N +KY −A)))
= h0(Y, E0 ⊗OY (N +KY −A)).
Since deg(E0⊗OY (N +KY −A)) = −e+2(n+2gy− 2−a), it follows by Riemann-
Roch Theorem, (1.3) and (1.4), and Serre duality that
h0(P(E),KP(E) +X − π
∗A)
= −e+ 2(n+ 2gy − 2− a) + 2(1− gy) + h
1(Y, E0 ⊗OY (N +KY −A))
= gx − gy − 2a+ h
0(Y, E
∨
0 ⊗OY (−N +A)).
(2.7)
To compute h0(Y, E
∨
0 ⊗OY (−N +A)), we have
E
∨
0
∼= E0 ⊗ det E0
−1 ∼= E0 ⊗ (det E
−1 ⊗OY (2N)) = E0 ⊗OY (−B + 2N). (2.8)
Therefore it follows by (2.7) and (2.8) that
h0(P(E),KP(E) +X − π
∗A)
= gx − gy − 2a+ h
0(Y, E0 ⊗OY (−B +N +A)). (2.9)
By (1.4) and (2.1), we have
deg(−B +N +A) ≤ −b+ n+m ≤ −2−
|e| − e
2
< 0.
Since E0 is normalized, we have
h0(Y, E0 ⊗OY (−B +N +A)) = 0. (2.10)
Therefore it follows by (2.9) and (2.10) that
h0(P(E),KP(E) +X − π
∗A) = gx − gy − 2a. (2.11)
We now prove that
h0(X,KX − f
∗A) = h0(P(E),KP(E) +X − π
∗A) = gx − gy − 2a.
Since f is finite, we have h0(X,OX(f
∗A)) = h0(Y, f∗(OX(f
∗A))) by [6, III, Ex.4.1].
Hence, by the projection formula, we have
h0(X,OX(f
∗A)) = h0(Y, f∗(OX(f
∗A)⊗OX)) = h
0(Y,OY (A)⊗ f∗OX)
= h0(Y,OY (A)⊗ (OY ⊕ E
∨
)) = h0(Y,OY (A)) + h
0(Y, E
∨
⊗OY (A))
= a− gy + 1 + h
0(Y, E
∨
⊗OY (A)),
(2.12)
where h1(Y,OY (A)) = 0 by the assumption degA ≥ 2gy − 1. It remains to count
h0(Y, E
∨
⊗ OY (A)). We have E
∨
0
∼= E0 ⊗ OY (−B + 2N) by (2.8), but E0 = E ⊗
OY (−N); hence E
∨ ∼= E0 ⊗OY (−B +N). Therefore it follows that
h0(Y, E
∨
⊗OY (A)) = h
0(Y, E0 ⊗OY (−B +N +A)) = 0
by (2.10). Then we have
h0(X,OX(f
∗A)) = a− gy + 1
by (2.12); hence
h0(X,KX − f
∗A) = gx − gy − 2a. (2.13)
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Thus it follows by (2.11) and (2.13) that
h0(P(E),KP(E) +X − π
∗A) = h0(X,KX − f
∗A) = gx − gy − 2a. (2.14)
Finally, we claim that the following restriction map γ is injective:
γ : H0(P(E),KP(E) +X − π
∗A)→ H0(X,KX − f
∗A).
Let C,C′ ∈ |KP(E) +X − π
∗A|. By (2.1), m ≤ n− e− 2; hence
a ≤ m ≤ n− e− 2 ≤ n− e+ 2gy − 2. (2.15)
We have S20 = b− 2n by (1.4); it follows by (1.3) and (2.6) that
C.X − C.C′ = 2n− e+ 2gy − 2− a.
By (1.3) and (1.4), we have e = 2n− (gx−3gy+2), and, by (2.2), we have e ≥ −gy.
Therefore it follows that 2n−(gx−3gy+2) ≥ −gy; hence it follows by the assumption
gx ≥ 9gy + 4 that n = degN > 0. Furthermore we have n− e+ 2gy − 2− a ≥ 0 by
(2.15); hence it follows that
C.X − C.C′ = n+ (n− e+ 2gy − 2− a) > 0.
Therefore the restriction map γ is injective as asserted; hence the linear series
|KX − f
∗A| is cut out by the linear series |KP(E) +X − π
∗A|. 
We will get base-point-free linear series on X which are not induced from the
base curve Y .
Lemma 2.4. Assume that gx ≥ 9gy + 4. Let A ∈ Div(Y ) be an effective divisor
with degA ≥ 2gy − 1 and let m be the M-invariant of the triple covering f . If
degA ≤ m−1, then the linear series |KX−f
∗A| on X is very ample. If degA = m,
then |KX−f
∗A| is base-point-free and separates points in the same fiber of the triple
covering f .
Proof. Set L = |KP(E)+X − π
∗A|. By (1.7), we have L = |S0 +π
∗(N +KY −A)|.
We first prove that L is very ample if degA ≤ m − 1, or L is base-point-free and
separates points in the same fiber of the triple covering f if degA = m.
Suppose that a = degA ≤ m−1. We have m = n−2− (e+ |e|)/2 and e = 2n−b
by (1.4) and (2.1); it follows that
deg(N +KY −A) ≥ 2gy + 1 +
|e|+ e
2
≥ 2gy + 1,
deg(N +KY −A+ (B − 2N)) ≥ 2gy + 1 +
|e| − e
2
≥ 2gy + 1.
Therefore |N + KY − A| and |N + KY − A + (B − 2N)| are very ample, and
|N + KY − A − P | and |N + KY − A + (B − 2N) − P | are nonspecial for every
P ∈ Y . Thus L is very ample by [6, V, Ex.2.11].
Suppose that a = degA = m. Then we have
deg(N +KY −A) ≥ 2gy +
|e|+ e
2
≥ 2gy,
deg(N +KY −A+ (B − 2N)) ≥ 2gy +
|e| − e
2
≥ 2gy,
by (1.3), (1.4), and (2.1). Therefore |N +KY −A| and |N +KY −A+ (B − 2N)|
have no base points, and |N + KY − A| is nonspecial. Thus L is base-point-free
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by [6, V, Ex.2.11]. Furthermore L separates points in the same fiber of the triple
covering f because |S0 + π
∗(N +KY −A)| contains a section by [6, V, Ex.2.11].
Since L is base-point-free for any effective divisor A ∈ Div(Y ) with 2gy − 1 ≤
degA ≤ m, the linear series |KX − f
∗A| on X is also base-point-free because
|KX − f
∗A| is cut out by L by Lemma 2.3. Set
r = dim |KX − f
∗A| = dim |KP(E) +X − π
∗A|;
cf. (2.14). Let α : X → Pr and β : P(E)→ Pr be the morphisms associated to the
base-point-free linear series |KX − f
∗A| and L, respectively. The morphism β is an
embedding for a ≤ m− 1 or a morphism which separates points in the same fiber
of the triple covering f for a = m; but, we have α = β ◦ i, where i : X →֒ P(E)
is the inclusion. Therefore the morphism α is also an embedding for a ≤ m− 1 or
a morphism which separates points in the same fiber of the triple covering f for
a = m. 
We need the following lemma.
Lemma 2.5 ([4, Lemma 2.2.1]). Let f : X → Y be a covering of degree k ≥ 2
of smooth curves and let grd(r ≥ 1) be a base-point-free linear series on X which
is not induced by Y . Let P1, . . . , Pr−1 be r − 1 general points on X. Then the
base-point-free part of the pencil grd(−P1 − · · · − Pr−1) is not induced by Y .
We now prove the existence theorem.
Theorem 2.6. Let X be a smooth irreducible curve of genus gx. Suppose that there
exists a triple covering f : X → Y where Y is a smooth irreducible curve of genus
gy and suppose that gx ≥ 9gy + 4. Let E
∨
be the Tschirnhausen module for the
triple covering f and e the e-invariant of the ruled surface P(E). For every integer
d with
d ≥
gx − 3gy + 2
2
+
|e|
2
+ 4gy,
there exists a nontrivial morphism h : X → P1 of degree d.
Proof. It is obvious for d ≥ gx + 1; just take a general |D| ∈ Pic(X) which is
nonspecial. From now on, assume that d ≤ gx. Let m be the M-invariant of
the triple covering f . Choose an effective divisor A ∈ Div(Y ) of degree a with
2gy − 1 ≤ a ≤ m. By Lemma 2.4, the linear series |KX − f
∗A| is not composed
with the triple covering f . By (2.13), we have
dim|KX − f
∗A| = gx − gy − 2a− 1.
Therefore, subtracting general gx− gy − 2a− 2 points from |KX − f
∗A|, we have a
base-point-free pencil of degree gx + gy − a, which is not composed with the triple
covering f by Lemma 2.5. Since
2gy − 1 ≤ a ≤ m =
gx − 3gy + 2
2
−
|e|
2
− 2,
we have
gx − 3gy + 2
2
+
|e|
2
+ 4gy ≤ gx + gy − a ≤ gx − gy + 1.
Therefore, for every integer d with
gx − 3gy + 2
2
+
|e|
2
+ 4gy ≤ d ≤ gx − gy + 1,
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there exists a base-point-free pencil of degree d which is not composed with the
triple covering f .
If gy = 0, the proof is done. Assume that gy ≥ 1. We need the following lemma;
here we adopt the conventions and notation used in [1].
Lemma ([2, Lemma 3.2]). Fix an integer s ≥ 1. Let C be a smooth curve of genus
g ≥ 4s− 4 defined over an algebraically closed field of characteristic zero. For an
integer d, let Σ1d be the union of components of W
1
d (C) whose general element is
base-point-free and complete. If Σ1g−s+1 6= ∅, then we have Σ
1
g−s+2 6= ∅.
Taking C = X and s = gy in the above Lemma, it follows that Σ
1
gx−gy+1 6= ∅;
hence Σ1gx−gy+2 6= ∅. By taking s
′ = gy−1, we again have Σgx−s′+2 = Σgx−gy+3 6=
∅; note that gx ≥ 4gy − 4 > 4s′ − 4 by the hypothesis gx ≥ 9gy + 4. We may
continue this process by taking smaller s’s until s = 2 and we stop. 
Remark 2.6.1. Let f : X → Y be a covering of degree k. For prime k, assume that
gx ≥ k
2gy + (k − 1)
2 which for k = 3 is the bound of the above theorem. Then it
follows that
gx − kgy + k − 1
k − 1
≥ k(gy + 1) ≥ k gon(Y ) ≥ gon(X).
If
gx−kgy+k−1
k−1 > gon(X), then any morphism of degree gon(X) onto P
1 factors
through f ; in particular, gon(X) = k ·gon(Y ). On the other hand, if
gx−kgy+k−1
k−1 =
gon(X), then gon(X) = k(gy + 1); hence
k gon(Y ) = gon(X) = k(gy + 1)
i.e., gon(Y ) = gy + 1 which is only possible for gy ≤ 1. But for gy ≤ 1 the above
equality shows that gon(X) = k gon(Y ), again. Therefore, assuming gx ≥ 9gy + 4
in Main Theorem A, the gonality of X is fixed by that of Y . Furthermore, the
bound implies that Y is the only curve of genus at most gy triply covered by X .
2.2. Castelnuovo-Severi inequality for triple coverings. We will improve the
Castelnuovo-Severi inequality in case of triple coverings; Theorem 2.12. As a by-
product, we may conclude that Question A does not have an affirmative answer for
certain triple coverings.
First, we prove that every nontrivial morphism X → P1 is determined by a
certain finite sequence of elementary transformations; Proposition 2.10. Recall
that trisections are irreducible curves on ruled surfaces whose intersection number
with a fiber is 3.
Remark 2.7. Let h : X → P1 be a nontrivial morphism and set X ′ = (f ×h)(X) ⊂
Y ×P1. Since deg f = 3 and deg h = d, we have X ′ ≡ 3S + dF , where S = p−12 (s)
for some s ∈ P1 and F = p−11 (y) for some y ∈ Y . Therefore X
′ is a trisection of
P(E). Let pa(X
′) be the arithmetic genus of X ′. By the adjunction formula, we
have pa(X
′) = 2d + 3gy − 2. Since the morphism h does not factor through the
triple covering f , the image X ′ is birational to X ; hence X is the normalization of
X ′. Therefore it follows that
pa(X
′) = 2d+ 3gy − 2 = gx +
∑
P∈X′
δP . (2.16)
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Lemma 2.8. Let C be a trisection on a ruled surface W over Y and let π :W → Y
be the projection. For P ∈ C ⊂ W , set elmP = ψ ◦ ϕ
−1. Suppose that P is a
singular point of C with multiplicity rP and suppose that there exists a infinitely
near singular point Q of C˜ lying over P . Then Q is the unique singular point of C˜
among points lying over P , and P ′ = ψ(Q) is the unique singular point of C′ among
points on π−1(π(P ′)) ∩C′. Furthermore, if rP = 2 then rP ′ = 2 and δP ′ = δP − 1,
and if rP = 3 then δP ′ = δP − 3.
Proof. Let E be the exceptional divisor of the blowing up ϕ. Set F = π−1(π(P )),
W ′ = elmP (W ), C
′ = elmP (C), and E
′ = ψ(E). Suppose that rP = 2, then
E.C˜ = 2; but Q ∈ E ∩ C˜ and rQ ≥ 2, hence the point Q is the unique singular
point of C˜ lying over P and rQ = 2. Since F˜ .C˜ = 1, it follows that Q 6∈ F˜ .
Therefore P ′ = ψ(Q) is a singular point of C′ with rP ′ = 2 and
δP ′ = δQ = δP − 1.
Note that E′.C′ = 3 and rP ′ = 2. Therefore there is no singular points of C
′ other
than P ′ on π−1(π(P )) ∩C′.
Suppose that rP = 3, then E.C˜ = 3; but Q ∈ E ∩ C˜ and rQ ≥ 2, hence the point
Q is the unique singular point of C˜ lying over P . Since F˜ .C˜ = 0, we have Q 6∈ F˜ .
Therefore P ′ is a singular point of C′ and
δP ′ = δQ = δP − 3.
Furthermore, since E′.C′ = 3 and rP ′ ≥ 2, it follows that there is no singular points
of C′ other than P ′ on π−1(π(P )) ∩ C′. 
The following Lemma is not difficult; but we can’t find references.
Lemma 2.9. The singularities of a trisection C can be resolved by a finite se-
quence of elementary transformations consisting of at most
∑
P∈C δP -elementary
transformations.
Proof. Let C be a trisection on a ruled surface. Suppose that P ∈ X is a singular
point of X . By Lemma 2.8, we have δP ′ < δP . Therefore, after applying finitely
many elementary transformations, we get δP ′ = 0, which means P
′ is a nonsingular
point of X ′. According to Lemma 2.8, no singular points other than infinitely
near singular points arise during applying elementary transformations. Therefore,
applying this process to all singular points of X , one can resolve the singularities
of C. 
Proposition 2.10. Suppose that there exists a nontrivial morphism h : X → P1.
Then
h = p2 ◦ elm|X ,
where p2 : Y × P
1 → P1 is the second projection and elm is a finite sequence of
elementary transformations which transforms P(E) to Y ×P1.
Proof. Set X ′ = (f × h)(X) ⊂ Y × P1. The image X ′ is a trisection of Y ×
P1. According to Lemma 2.9, the singularities of X ′ can be resolved by a finite
sequence of elementary transformations. Let u denote a sequence of elementary
transformations which resolves the singularities of X ′. Set W = u(Y ×P1) and let
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π :W → Y be the projection. Note that π ◦ u = p1, where p1 : Y ×P
1 → Y be the
first projection; hence it follows that
π ◦ u ◦ (f × h) = f.
Since the morphism h does not factor through the triple covering f , the image
X ′ is birational to X . Therefore u(X ′) is isomorphic to X . Therefore there is an
embedding
j = u ◦ (f × h) : X →֒W
such that f = π ◦ j. By Lemma 1.1, such an embedding is unique. Therefore it
follows that W ∼= P(E) and hence h = p2 ◦ u
−1|X . Note that u
−1 is also a finite
sequence of elementary transformations which transforms P(E) to Y ×P1. 
We need the following lemma several times.
Lemma 2.11 ([13, Lemma 7]). Let W be a ruled surface with e-invariant e and
let P ∈ W . Let e′ be the e-invariant of W ′ = elmP (W ). If P is contained in a
minimal degree section of W then e′ = e+1, and, if P is not contained any minimal
degree sections of W , then e′ = e− 1.
We now improve Castelnuovo-Severi inequality for triple coverings.
Theorem 2.12. Let X be a smooth irreducible curve of genus gx. Suppose that
there exists a triple covering f : X → Y where Y is a smooth irreducible curve
of genus gy. Let E
∨
be the Tschirnhausen module for the triple covering f and
e the e-invariant of the ruled surface P(E). If there exists a nontrivial morphism
h : X → P1 of degree d, then
d ≥
gx − 3gy + 2
2
+
|e|
2
.
Proof. Set X ′ = (f ×h)(X) ⊂ Y ×P1. Let P be a singular point of X ′. According
to Lemma 2.9, there exists a finite sequence of elementary transformations which
resolves the singularities of X ′. Set
α = min{l : elmP1,...,Pl is a resolution of singularities of X
′ }.
Let elmP1,...,Pα be a minimal sequence of elementary transformations that is a
resolution of singularities of X ′. By Lemma 2.9, we have
α ≤
∑
P∈X′
δP . (2.17)
We now prove that |e| ≤ α. Since X is a normalization of X ′, we have an
isomorphism φ : X → elmP1,...,Pα(X
′). Therefore there exists an embedding
j = j′ ◦ φ : X →֒ elmP1,...,Pα(Y ×P
1)
such that f = π ◦ j, where j′ : elmP1,...,Pα(X
′) →֒ elmP1,...,Pα(Y × P
1) is the
inclusion and π : elmP1,...,Pα(Y × P
1) → Y is the projection. However such an
embedding j is unique by Lemma 1.1; hence it follows that elmP1,...,Pα(Y ×P
1) ∼=
P(E). The e-invariant of P(E) is equal to e, but the e-invariant of Y ×P1 is equal
to zero. Therefore, by Lemma 2.11, it follows that
|e| ≤ α. (2.18)
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By (2.17) and (2.18), we have |e| ≤
∑
P∈X′ δP . Hence it follows by (2.16) that
2d = gx − 3gy + 2 +
∑
P∈X′
δP ≥ gx − 3gy + 2 + |e|. 
Remarks 2.13.
(a) Theorem 2.6 and 2.12 give a partial answer to Question A in case of triple covers.
On the other hand, as we already remarked in the introduction, Question A
has been completely answered in case of trigonal curves by the following results
of Maroni.
Results of Maroni ([9], cf. [10, Proposition 1, Corollary 1]). Let X be a trigonal
curve of genus gx > 4 with the triple covering f : X → P
1 and let m0 be the
so-called Maroni invariant of X. For every integer d with d ≥ gx −m0, there
exists a nontrivial morphism h : X → P1 of degree d. Conversely, if there
exists a nontrivial morphism h : X → P1 of degree d, then d ≥ gx −m0.
(b) If X is a trigonal curve, then it is not difficult to prove that the M-invariant
m of X is equal to the Maroni invariant of X . Therefore Theorem 2.6 and
2.12 may be regarded as a generalization of the results of Maroni to the case
of triple covers of smooth irrational curves.
3. Nontrivial morphisms of minimal possible degree
We investigate what conditions may be imposed on E
∨
if X admits a nontrivial
morphism X → P1 of minimal possible degree
gx−3gy+2
2 +
|e|
2 ; Proposition 3.2. As a
corollary, we will show that certain triple covers do not admit nontrivial morphisms
of minimal possible degree; Corollary 3.3. We need the following proposition.
Proposition 3.1 (cf. [8] or [5]). Let F = OY (B1) ⊕ OY (B2) be a decomposable
rank two vector bundle on a curve Y . Let SF be a minimal degree section of P(F)
and let S be a section of P(F) such that S ∩ SF = ∅. Let P ∈ S ∪ SF . Set
P(G) = elmP (P(F)).
(a) If P ∈ S and deg(−B2 + B1 + p) ≤ 0, then elmP (SF ) is a minimal degree
section of P(G) and
P(G) ∼= P(OY (B1)⊕OY (B2 − p)) ∼= P(OY (B1 + p)⊕OY (B2)).
(b) If P ∈ SF , then elmP (SF ) is a minimal degree section of P(G) and
P(G) ∼= P(OY (B1 − p)⊕OY (B2)) ∼= P(OY (B1)⊕OY (B2 + p)).
Proposition 3.2. Assume that e ≥ 0. Suppose that there exists a nontrivial mor-
phism h : X → P1 of the minimal possible degree
gx−3gy+2
2 +
e
2 . Then the Tschirn-
hausen module E
∨
is decomposable.
Proof. Set X ′ = (f × h)(X) ⊂ Y × P1 and set d0 =
gx−3gy+2
2 +
e
2 . It follows by
Remark 2.7 that ∑
P∈X
δP = e. (3.1)
Step 1. There exists a sequence elmP1,...,Pe : Y ×P
1
99K P(E) consisting of exactly
e elementary transformations that is a resolution of singularities of X ′.
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Proof of Step 1. According to Lemma 2.9, the singularities ofX ′ can be resolved by
a finite sequence of elementary transformations with the singular points as centers.
Set
α = min{l : elmP1,...,Pl resolves the singularities of X
′}.
We will prove that α = e. By Lemma 2.9, we have
α ≤
∑
P∈X′
δP = e. (3.2)
According to [6, V, Ex.5.5], there is a finite sequence of elementary transforma-
tions which transform Y ×P1 into P(E); set
β = min{l : elmP1,...,Pl(Y ×P
1) = P(E)}.
Since the e-invariants of Y × P1 and P(E) are 0 and e, respectively, it follows by
Lemma 2.11 that
e ≤ β. (3.3)
Let elm be a sequence of elementary transformations that resolves the singularities
of the image X ′. Then elm(X ′) ∼= X ; hence
elm(Y ×P1) ∼= P(E) (3.4)
by Lemma 1.1. Therefore we have
β ≤ α. (3.5)
By (3.2), (3.3), and (3.5), it follows that
α = β = e. (3.6)
Therefore there exists a sequence of elementary transformations consisting of ex-
actly e elementary transformations which resolves the singularities of X ′. 
Step 2. For some t ∈ P1, we have
P1 ∈ Y × {t}, Pi+1 ∈ elmP1,...,Pi(Y × {t})
for all i = 1, . . . , e− 1.
Proof of Step 2. Let elmP1,...,Pe be a minimal sequence of elementary transforma-
tions that resolves the singularities of X ′, which consists of e-elementary transfor-
mations. Set
Xi = elmP1,...,Pi(X
′), Wi = elmP1,...,Pi(Y ×P
1), X0 = X
′, W0 = Y ×P
1.
Let ei be the e-invariant of elmP1,...,Pi(Y × P
1). It follows by Lemma 2.11 that
ei ≤ i, where the equality holds if and only if Pj is contained in a minimal degree
section of Wj−1 for all j with 1 ≤ j ≤ i. Note that elmP1,...,Pe consists of exactly e
elementary transformations and the e-invariant of P(E) is equal to e; but we have
elmP1,...,Pe(Y ×P
1) ∼= P(E)
by (3.4). Therefore it follows that ei = i for all i; hence Pi+1 is contained in a
minimal degree section of Wi for all i = 0, . . . , e− 1.
Suppose that P1 ∈ Y × {t} ⊂ Y × P
1 for some t ∈ P1. Since Y × {t} is a
minimal degree section of Y ×P1, it follows that the section elmP1(Y ×{t}) is also
a minimal degree section of W1 by Proposition 3.1. However, since P1 is contained
in the minimal degree section Y × {t}, the ruled surface W1 is decomposable by
Proposition 3.1. Therefore there exists a unique minimal degree section of W1
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by [11, Corollary 1.17], which is equal to elmP1(Y × {t}); hence we have P2 ∈
elmP1(Y × {t}). Repeating this process, we have Pi+1 ∈ elmP1,...,Pi(Y × {t}) for
all i = 1, . . . , e− 1. 
Continue the proof of Proposition 3.2. Note that elmP1,...,Pe(Y × P
1) ∼= P(E) by
(3.4). By Proposition 3.1, the sections elmP1,...,Pi(Y × {t}) of elmP1,...,Pi(Y ×P
1)
are minimal degree sections for all i; hence the ruled surface P(E) is decomposable
by Proposition 3.1. Therefore E is decomposable. 
Corollary 3.3. Assume that e ≥ 0 and E is indecomposable. If there exists a
nontrivial morphism h : X → P1 of degree d, then we have
d 	
gx − 3gy + 2
2
+
e
2
.
We characterize nontrivial morphisms X → P1 of minimal possible degree.
Proposition 3.4. Assume that the Tschirnhausen module E
∨
is decomposable; set
E = OY (B1)⊕OY (B2) with degB1 ≤ degB2. Suppose that there exists a nontrivial
morphism h : X → P1 of degree
gx−3gy+2
2 +
|e|
2 . Then there exist a section S of
P(E) which is not a minimal degree section and e points Q1, . . . , Qe ∈ X∩S ⊂ P(E)
with π∗ (
∑
Qi) ∈ |B2 −B1| as a divisor on S such that
h = p2 ◦ elmQ1,...,Qe |X ,
where p2 : Y ×P
1 → P1 is the projection.
Proof. Set d0 =
gx−3gy+2
2 +
|e|
2 . Let X
′ = (f × h)(X) ⊂ Y × P1. According
to Step 1 of the proof of Proposition 3.2, there exists a sequence of elementary
transformations
elmP1,...,Pe : Y ×P
1
99K P(E)
that is a resolution of singularities of X ′. Set
Xi = elmP1,...,Pi(X
′), Wi = elmP1,...,Pi(Y ×P
1), X0 = X
′, W0 = Y ×P
1.
We may assume that Pi+1 is a singular point of Xi for all i = 0, . . . , e− 1. Let ri+1
be the multiplicity of Xi at Pi+1.
First, we will prove that ri+1 = 2 for all i. Suppose ri+1 = 3 but rj = 2 for all
j ≤ i. If we apply elmPi+1 to Xi, then, by Lemma 2.8, we have∑
P∈Xi+1
δP =
∑
P∈Xi
δP − 3 =
∑
P∈X0
δP − i− 3 = e− i − 3.
Therefore we need at most (e−i−3) elementary transformations to resolve the singu-
larities of Xi+1 by Lemma 2.9. However it contradicts the assumption: elmP1,...,Pe
is the minimal sequence. Therefore we have ri+1 = 2 for all i.
Set S0 = elmP1,...,Pe(Y ×{t}), which is the minimal degree section of P(E), and
set Qi+1 = elmP1,...,Pe(Fi+1), where Fi+1 = p
−1
1 (p1(Pi+1)) is the fiber of the first
projection p1 : elmP1,...,Pi(Y ×P
1)→ Y over p1(Pi+1). It is clear that elmQ1,...,Qe
is the inverse of elmP1,...,Pe ; cf. [11]. Let S = elmP1,...,Pe(Y × {t
′}) for some t′ 6= t.
Then S is a section of P(E) such that S ∩ S0 = ∅ by Proposition 3.1.
Let elmPi+1 = ψi+1 ◦ ϕ
−1
i+1. Since ri+1 = 2 and Fi+1.Xi = 3 for all i, we have
F˜i+1∩X˜i 6= ∅, where F˜i+1 and X˜i are strict transforms under the blowing up ϕi+1.
Therefore it follows that
Qi+1 ∈ X ∩ elmP1,...,Pi+1(Y × {t
′}),
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hence Qi ∈ X ∩ S for all i. Since S ∩ S0 = ∅, it follows by Proposition 3.1 that
elmQ1,...,Qe(P(E))
∼= P(OY (B1 + q1 + · · ·+ qe)⊕OY (B2)),
where qi = π(Qi). Since elmQ1,...,Qe(P(E))
∼= Y ×P1, it follows that
P(OY (B1 + q1 + · · ·+ qe)⊕OY (B2)) ∼= P(OY ⊕OY );
hence
∑
qi ∼ B2 − B1, that is, π∗ (
∑
Qi) ∼ B2 − B1. It is clear that h = p2 ◦
elmQ1,...,Qe |X . 
Corollary 3.5. Let Y be an irreducible smooth curve of genus gy > 1. For every
integer gx with gx ≥ 13gy and e with 2gy − 3 ≥ e ≥ 0, there exist an irreducible
smooth curve X of genus gx and a triple covering f : X → Y such that X does
not admit any nontrivial morphisms X → P1 of degree
gx−3gy+2
2 +
|e|
2 and e is the
e-invariant of the ruled surface P(E) associated to the Tschirnhausen module E
∨
for the triple covering f .
Proof. Choose an effective divisor D = Q1 + · · · + Qe ∈ Div(Y ) so that Qi 6= Qj
for i 6= j, degD = e ≤ 2gy − 3, and H
0(Y,D) = 1. Choose an effective divisor
B1 ∈ Div(Y ) such that
2 degB1 + degD = gx − 3gy + 2.
Set B2 = B1+D and E = OY (B1)⊕OY (B2). Let π : P(E)→ Y be the projection.
We have
S3E ⊗ det E−1 = OY (2B1 −B2)⊕OY (B1)⊕OY (B2)⊕OY (2B2 −B1).
By the assumptions gx ≥ 13gy and degD = e ≤ 2gy − 3, it follows that
deg(2B1 −B2) ≥ 2gy.
Hence S3E ⊗ det E−1 is generated by global sections. Furthermore H0(Y, E
∨
) = 0.
According to [3, Theorem 3.6], the zero locus of a general section contained in
H0(P(E), π∗det E−1(3)) is an irreducible smooth triple cover of Y with genus gx.
Let S0 be the unique minimal degree section of P(E) and S a section of P(E) such
that S0 ∩ S = ∅. We may choose a section δ ∈ H0(P(E), π∗det E−1(3)) so that the
zero locus X of δ is an irreducible smooth triple cover of Y and X does not pass
through the points in S ∩ π−1({Q1, . . . , Qe}).
Let T be a section of P(E) such that T ∩ S0 = ∅. Since S, T ∈ |S0 + π∗D| by
Lemma 1.2, it follows by (1.5) that
π∗(S · T ) ∈ |det E ⊗ L
−1
S ⊗ L
−1
T | = |D|.
Therefore S ∩ T = {Q1, . . . , Qe} because H
0(Y,D) = 1.
Suppose that there exists a nontrivial morphism h : X → P1 of degree
gx−3gy+2
2 +
|e|
2 . By Proposition 3.4, it follows that Q1, . . . , Qe ∈ X ∩ S, but which contradicts
the choice of X . Therefore X does not admit a nontrivial morphism h : X → P1
of degree
gx−3gy+2
2 +
|e|
2 . 
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4. Existence of triple covers
We give a partial answer to Question B; the existence of triple covers, which
admit nontrivial morphisms of certain degrees, of a given base curve. We first
investigate behaviors of trisections under elementary transformations. Let C be a
trisection on a ruled surface P(F). Assume that C ∼ 3S+π∗Z as a divisor in P(F),
where S is a (not necessarily minimal degree) section of P(F), π : P(F) → Y is
the projection, and Z ∈ Div Y . Let P ∈ P(F). Set
p = π(P ), S′ = elmP (S), C
′ = elmP (C).
Proposition 4.1. Assume that P ∈ S. If P 6∈ C then C′ ∼ 3S′ + π∗(Z + 3p),
and if P ∈ C then C′ ∼ 3S′ + π∗(Z + 2p). Assume that P 6∈ S. If P 6∈ C then
C′ ∼ 3S′ + π∗Z, and if P ∈ C then C′ ∼ 3S′ + π∗(Z − p).
Proof. We use similar techniques in [8] which deals the behavior of double covers
under elementary transformations. Set elmP = ψ ◦ ϕ
−1 and P ′ = ψ(F˜ ), where
F = π−1(π(P )). Suppose P ∈ S and P 6∈ C. Then
ψ∗C′ = C˜ + 3F˜ = ϕ∗C + 3F˜ = 3S˜ + 3E + ϕ∗π∗Z + 3F˜
= 3ψ∗S′ + ψ∗π∗(Z + 3p) = ψ∗(3S′ + π∗(Z + 3p)).
Suppose P ∈ S and P is a nonsingular point of C. Then
ψ∗C′ = C˜ + 2F˜ = ϕ∗C − E + 2F˜ = 3S˜ + 3E + ϕ∗π∗Z − E + 2F˜
= 3ψ∗S′ + ψ∗π∗(Z + 2p) = ψ∗(3S′ + π∗(Z + 2p)).
Suppose P 6∈ S and P 6∈ C. Then
ψ∗C′ = C˜ + 3F˜ = ϕ∗C + 3F˜ = 3S˜ + ϕ∗π∗Z + 3F˜
= 3(ψ∗S′ − F˜ ) + ψ∗π∗Z + 3F˜ = ψ∗(3S′ + π∗Z).
Suppose P 6∈ S and P ∈ C. Then
ψ∗C′ = C˜ + 2F˜ = ϕ∗C − E + 2F˜ = 3S˜ + ϕ∗π∗Z − E + 2F˜
= 3(ψ∗S′ − F˜ ) + ψ∗π∗(Z − p+ p)− E + 2F˜ = ψ∗(3S′ + π∗(Z − p)).

We need the following Lemma.
Lemma 4.2. Let S and T be sections of a ruled surface P(F) over Y with T ∼
S + π∗Z for some Z ∈ Div(Y ), where π : P(F) → Y is the projection. Let elmP
be the elementary transformation with center P ∈ S and let S′, T ′ be the image
elmP (S), elmP (T ), respectively. Then we have T
′ ∼ S′ + π∗(Z + π(P )).
Proof. Set elmP = ψ ◦ ϕ
−1 and P ′ = ψ(F˜ ), where F = π−1(π(P )). Then we have
ψ∗T ′ = T˜ + F˜ = φ∗T + F˜ ∼ φ∗S + φ∗(π∗Z) + F˜
= S˜ + E + φ∗(π∗Z) + F˜ = ψ∗S′ + ψ∗(π∗(Z + p)).

The following theorem provides a partial answer to Question B.
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Theorem 4.3. Let Y be an irreducible smooth curve of genus gy ≥ 1, and let gx
be an integer with gx ≥ 37gy − 2. For every integer d with
d ≥
gx − 3gy + 2
2
+ gy,
there exists an irreducible smooth curve X of genus gx and a triple covering f :
X → Y such that X admits a nontrivial morphism h : X → P1 of degree d. If
gy ≥ 5, we get sharper lower bound for d:
d ≥
gx − 3gy + 2
2
+
gy + 3
2
.
Lemma 4.4. Let E = OY ⊕ OY (D) be a rank 2 vector bundle on an irreducible
smooth curve Y and let E = y1+ · · ·+ yn ∈ |D| be an effective divisor consisting of
distinct points. Let S be a section of P(E) with S ∩S0 = ∅, where S0 is a minimal
degree section. Set Pi = S ∩ π
−1(yi). Then, for the pair (S, {P1, . . . , Pn}), there
exists an one-dimensional family V of sections of P(E) such that, for all T ∈ V ,
S ∈ V, Pi ∈ T for all i, T ∈ |S0 + π
∗D|.
Proof. Let elmPi = ψi ◦φ
−1
i be the elementary transformation of P(E) with center
Pi. Set Zi = ψ(F˜i) where Fi = π
−1(Pi) and F˜i is the strict transform of Fi under
the blowing-up ϕ. By Proposition 3.1, we have
elmP1,...,Pn(P(E)) = Y ×P
1, elmZ1,...,Zn(Y ×P
1) = P(E).
Note that
elmP1,...,PnS = Y × {a}, elmP1,...,PnS0 = Y × {b}
for some a, b ∈ P1 because they are sections of Y ×P1. Set
V = {elmZ1,...,Zn(Y × {c}) | c ∈ P
1, c 6= b}.
It is clear that S ∈ V . Let T = elmZ1,...,Zn(Y × {c}) ∈ V . Since Zi /∈ Y × {c} for
all i, we have Pi ∈ T for all i. By Lemma 4.2, we have T ∼ S0 + π
∗E. Therefore
V is the desired family. 
Remark 4.4.1. For any S1, S2 ∈ V we have S1∩S2 = {P1, . . . , Pn} since S1.S2 = n.
Proof of Theorem 4.3. Set
d0 =
{
(gx − 3gy + 2)/2 if gx − 3gy + 2 ≡ 0 (mod 2),
(gx − 3gy + 2)/2 + 1/2 if gx − 3gy + 2 ≡ 1 (mod 2).
Suppose that gx − 3gy + 2 ≡ 0 (mod 2). Let t be an integer with
gy ≤ t ≤
d0 − 2gy
3
.
Choose a divisor D = y1 + · · ·+ y2t, degD = 2t of Y consisting of distinct points.
Choose an effective divisor D′ of Y with degD′ = d0 − 3t. Set
B1 = D +D
′, B2 = 2D +D
′, E = OY (B1)⊕OY (B2).
Let π : P(E)→ Y be the projection. Since E is decomposable, there exists a unique
minimal degree section S0 of P(E) by [11, Corollary 1.17] and there exists a section
S ∈ |S0 + π
∗D| with S ∩ S0 = ∅ by Lemma 1.2. Set
S ∩ π−1(yi) = {Pi}.
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Figure 1. Sections on P(E)
Since degD ≥ 2gy, there exists a divisor E = y
′
1 + · · · + y
′
2t ∈ |D| such that
y′i 6= y
′
j for i 6= j and SuppE ∩ SuppD = ∅. Set
S ∩ π−1(y′i) = {P
′
i}.
Let V be the one dimensional family of sections given by Lemma 4.4 corresponding
to (E, {P ′1, . . . , P
′
2t}). Let S1, S2 ∈ V be sections with S1 6= S2 and Si 6= S for
i = 1, 2. Set
S1 ∩ π
−1(yi) = {Qi}, S2 ∩ π
−1(yi) = {Ri}.
By Remark 4.4.1, we have Qi 6= Ri; cf. Figure 1.
Define a linear system H on P(E) by
H = {X ∈ |3S0 + π
∗(2B2 −B1)| : Pi, Qi, Ri ∈ X for all i} .
Step 1. There exist irreducible smooth curves SQ, SR such that SQ, SR ∈ |S0 +
π∗B1| and Qi ∈ SQ, Ri ∈ SR for all i = 1, . . . , 2t.
Proof of Step 1. Let elmQi = ψi ◦ ϕi
−1 be the elementary transformation with
center Qi. Set Q
′
i = ψi(F˜ ), where F˜ is the strict transform by ϕi of the fiber
F = π−1(Qi). Set
T0 = elmQ1,...,Q2t(S0).
Since S1 is a section of P(E) such that S1 ∩ S0 = ∅, it follows by Proposition 4.1
that
elmQ1,...,Q2t(P(E))
∼= Y ×P1;
hence we have T0 is a minimal degree section of Y ×P
1. Define a subset HQ of the
linear series |T0 + π
∗(D′)| on Y ×P1 by
HQ = {S
′
Q ∈ |T0 + π
∗(D′)| : Q′i /∈ S
′
Q for all i}.
Since degD′ ≥ 2gy + 1, the linear series |S0 + π
∗(D′)| is very ample by [6, V.
Ex. 2.11]. Therefore there exists an irreducible smooth curve S′Q ∈ HQ. Set
SQ = elmQ′
1
,...,Q′
2t
(S′Q)
By Lemma 4.2, we have SQ ∈ |S0 + π
∗B1|. Since Q
′
i /∈ S
′
Q, it is clear that Qi ∈ SQ
for all i = 1, . . . , 2t. Therefore we get the desired SQ. Applying the same method
to Ri, we get the desired SR. 
Step 2. A general member X of H is an irreducible smooth triple cover of Y of
genus gx.
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Proof of Step 2. Let VP , VQ, VR be the one dimensional families of sections cor-
responding to (D, {P1, . . . , P2t}), (D, {Q1, . . . , Q2t}), (D, {R1, . . . , R2t}) given by
Lemma 4.4, respectively. Then, for any S′ ∈ V , S1 ∈ VQ, S2 ∈ VR, we have
S′ + S1 + SR ∈ H and S
′ + SQ + S2 ∈ H.
By Remark 4.4.1, it follows that
Bp(V ) = {P1, . . . , P2t},
Bp(VQ) = {Q1, . . . , Q2t},
Bp(VR) = {R1, . . . , R2t}.
Therefore we have
Bp(H) = {P1, . . . , P2t, Q1, . . . , Q2t, R1, . . . , R2t}.
By Bertini theorem of characteristic zero (cf. [6, III, 10.9]), general members of H
is smooth outside Bp(H).
Since S′ + S1 + SR and S
′ + SQ + S2 do not contain any fiber of π, they are
singular triple coverings of Y . Note that
S3E ⊗ det E−1 = OY (2B2 −B1)⊕OY (B2)⊕OY (B1)⊕OY (2B1 −B2),
where
deg(2B2 −B1), deg(B2), deg(B1), deg(2B1 −B2) > 2gy − 1
by the assumptions gx ≥ 37gy − 2 and the choice of d
′: d′ ≥ 2gy. Therefore
S3E ⊗ det E−1 is globally generated; hence, by [3, Thoerem 3.6], general members
of H are (possibly singular) triple coverings of Y . Since h0(Y, E
∨
) = 0, it follows by
[3, Theorem 3.6] that every triple covers in H are connected. Therefore we proved
that general members of H are connected triple covers of Y which are smooth
outside Bp(H).
Let X be a general member of H which is smooth outside Bp(H). Since
X ∩ π−1(yi) = {Pi, Qi, Ri},
it follows that X cannot have a singular point on Pi, Qi, and Ri; hence X is
smooth. Thus a general member of H is an irreducible smooth triple cover of
Y . Let X ∈ H be an irreducible smooth triple covering of Y with the triple
covering map f : X → Y . By [12, Proposition 8.1], the vector bundle E
∨
is the
Tschirnhausen module for f : X → Y . Therefore it follows by [12, Proposition 4.7]
and Riemann-Hurwitz formula that the genus of X is equal to gx. 
Step 3. Let X ∈ H be a smooth triple cover of Y with the triple covering f : X →
Y . For every integer d with
d = d0 + t, d ≥ d0 + t+ 4gy,
there exists a nontrivial morphism h : X → P1 of degree d.
Proof of Step 3. Set
T = P1 + · · ·+ P2t ∈ Div(S).
Choose an effective divisor T1 on S satisfying the followings: T1 ≤ S ∩ X , and if
aP ≤ T1 and bP ≤ T for some P ∈ S and a, b ≥ 0, then (a + b)P ≤ S ∩ π
∗E.
Choose an effective divisor T2 on S satisfying
SuppT2 ⊂ S − S ∩X and degT1 + deg T2 ≥ 2gy.
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Choose an effective divisor T3 on S0 satisfying
π∗T3 ∼ π∗(T1 + T2), SuppT3 ∩ Supp(T1 + T2) = ∅,
which is possible because deg T1 + degT2 ≥ 2gy. Set ti = deg Ti(i = 1, 2).
First of all, consider elmT . By Proposition 3.1, elmT (P(E)) ∼= Y × P
1. Set
X ′ = elmTX . By Proposition 4.1,
X ′ ∼ 3Y0 + π
∗(2B2 −B1 −D) ≡ 3Y0 + (d0 + t)F.
Set h = p2 ◦ elmT |X . Then h is a nontrivial morphism of degree d0 + t.
Consider now elmT3,T1+T2,T . By Proposition 3.1, it follows that
elmT3,T1+T2,TP(E)
∼= Y ×P1.
Set X ′ = elmT3,T1+T2,T (X). By Proposition 4.1,
X ′ ∼ 3Y0 + π
∗(2B2 −B1 − T − T1 + 3T3) ≡ 3Y0 + (d0 + t+ 2t1 + 3t2)F.
Set h = p2 ◦ elmT |X . Then h does not factor through the triple covering f and we
have
deg h = d0 + t+ 2t1 + 3t2.
Note that, by the assumption gx ≥ 37gy − 2, we have
2gy ≤ t1 ≤ 2b2 − b1.
We may choose T2 such that degT2 is arbitrary large. Therefore any integer greater
than or equal to 4gy can be represented by 2t1 + 3t2 for some t1 and t2.
Note that we have
d0−2gy
3 ≥ 5gy by the assumption gx ≥ 37gy − 2. Therefore it
follows that
{d : d ≥ d0 + gy} =
{
d0 + t : gy ≤ t ≤
d0 − 2gy
3
}
∪ {d : d ≥ d0 + 5gy}.
Suppose that gx − 3gy + 2 ≡ 1 (mod 2). Let t be an integer with gy + 1 ≤ t ≤
d0−2gy
3 and fix a divisor D = y1+ · · ·+y2t−1 of Y with degD = 2t−1 which consists
of distinct points and then repeat the above proof. 
Continue the proof of Theorem 4.3. Hence far, we proved the existence of triple
coverings and the existence of nontrivial morphisms for d ≥
gx−3gy+2
2 + gy. It
remains to prove the existence for d ≥
gx−3gy+2
2 +
gy+3
2 if gy ≥ 5. Suppose that
gy ≥ 2. A classical theorem of Halphen says that a curve Y of genus gy ≥ 2 has
a nonspecial very ample divisor D with degD ≥ gy + 3. Therefore, in the above
proof, we can take t with t ≥
gy+3
2 and take this divisor D instead of arbitrary
divisor of degree 2t. Then we get better lower bound d ≥ d0 +
gy+3
2 . 
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